ON THE DEFINITION OF SIGNIFICANT MULTIPLIC-
ITY FOR CONTINUOUS TRANSFORMATIONS

BY
EARL J. MICKLE

INTRODUCTION

Let T be a continuous transformation from the unit square Q:0=u =<1,
0=<v=1, in the uv-plane into Euclidean 3-space S; and let x designate a point
in S;. If T7Y(x)# & then each component of 7-!(x) is called a maximal model
continuum under T. The reader is referred to Rado [6] for background mate-
rial and definitions (square brackets refer to the bibliography at the end of
this paper). For aset ECQ let N*(x, T, E) denote the number (possibly 4 «)
of maximal model continua under T that intersect T-(x)N\E. Let A(T) de-
note the Lebesgue area of the surface represented by T. If T is a plane trans-
formation, i.e., T(Q) lies in a plane, and &* is the union of the essential maxi-
mal model continua under T, then (see Cesari [1] and Rado [7])

A(T) = f N*(x, T, &*)dL,

where the integration is taken with respect to Lebesgue planar measure L,
in the plane containing 7(Q).

The reader is referred to Federer [4] for a discussion and a solution of the
problem of introducing a suitable multiplicity function and a suitable measure
in S; such that a relationship as given above for plane transformations holds
for a continuous transformation from Q into S;. By using the concept of an
essential maximal model continuum for plane transformations the writer [5]
defined an essential maximal model continuum under a continuous trans-
formation T from Q into S;. If & is the union of these essential maximal model
continua under T then

(1) A(T) =fN*(x, T, 8)dH?

where the integration is taken with respect to Hausdorff 2-dimensional
measure H? in S;. Rado [9] showed that a set & of essential maximal model
continua could be defined in a simpler manner than that used by the writer
in [5] such that (1) holds for this set &. However, both the definition of Rado
and the definition of the writer depend on the coordinate system.

It is the purpose of this paper to use the concept of an essential maximal
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model continuum under a plane transformation to define a significant maxi-
mal model continuum under a continuous transformation T from Q into S;
such that the following two conditions are satisfied. (i) The definition of a
significant maximal model continuum under T is independent of the coordi-
nate system. (ii) If 8 is the union of the significant maximal model continua
under T then

A(T) = f N*(z, T, 8)dH?

where the integration is taken with respect to Hausdorff 2-dimensional meas-
ure H? in S;. We use the term significant instead of essential because in the
case of plane transformations the two concepts do not agree.

1. SIGNIFICANT MAXIMAL MODEL CONTINUA

1.1. As mentioned before we shall denote Euclidean x;x,x;-space by S;
and points in S; by x. Points on the unit sphere U:x}+x2+x2=1 will be
denoted by P. S;(P) is the plane through the origin which is perpendicular
to the line joining P to the origin. Points in S;(P) will be denoted by xp.
mp:Ss=S:(P) is the orthogonal projection from S; onto S;(P). The open
sphere with center at x and radius >0 will be denoted by s(x, 7).

1.2. We denote by H?(E) the Hausdorff 2-dimensional measure of a set
ECS;. We denote by T' the class of H?-measurable sets. I contains all open,
Borel and analytic sets. For a set E lying in a plane we denote by Ly(E) the
Lebesgue exterior planar measure of E. For PE€ U we define

Tp = [E| EET, Larp(E) = 0].
For a set ECT we define
Hp(E) = gr.l.b. H¥(E — Ep) for sets Ep € T'p.

Then (see Mickle [5])Hpr(E) is a measure for sets EET and for a set ECT the
following conditions are satisfied. (i) Hp(E) S H*(E). (ii) Hp(E) = Lewp(E).
(iii) There exist sets E’, E” &I such that E=E'\UE", E‘'N\E" =, Hp(E)
=Hp(E') =H*E') and Hp(E")=0. (iv) If Lywp(E) =0 then Hp(E) =0.

1.3. For EET, x€.S;, PE U we define

k(x, E) =lim sup H2[E N s(x, r)]/xr?, kp(x, E) = lim sup Hp[E N s(x,r)]/xr?,
70 70

D(E) = [x]| h(x, E) > 0], Dp(E) = [x]| kp(x, E) > 0].

1.4. LEMMA. Let $(E) be a measure for sets EET. For each pair of positive
integers n and m the set

Gum(E, ®) = {xl S[EN s(x, )] > wr2/n for somer, 0 < r < 1/m}

is an open set.
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Proof. If x*€G, (E, ®) then there are numbers r*, r, 0<r*<r<1/m
such that ®[ENs(x*, #*)]>nr2/n. Hence there is a p>0 such that for
xEs(x*, p) we have s(x, r) Ds(x*, 7*). Thus ®[ENs(x, r) | 2P [ENs(x*, r*)]
>ari/n, s(x*, p) CGnm(E, ®) and G, .(E, ®) is an open set.

1.5. LEMMA. For EET, PEU we have the following conditions satisfied
by the sets D(E) and Dp(E) defined in §1.3. (i) D(E) and Dp(E) are Borel sets.
(i) H?[E—D(E)]=0. (iii) Hp[E—Dp(E)]=0. (iv) If HYE)< o then
H?[D(E)—E]=0.

Proof. (i) follows from the lemma in §1.4 since

DE) = U N Gun(E, HY, Dp(E) = U N Gun(E, Hp).
n=1 m=1 n=1 m=1

(ii) and (iv) are well known but the proofs of (ii), (iii), and (iv) can be found
in Mickle [5].

1.6. Let Q be the unit square 0=# =<1, 0=<v=1 in the uv-plane and let
T be a continuous transformation from Q into S;. For aset ECQ, N(x, T, E)
will denote the number (possibly + «) of points in 7-*(x)ME. As mentioned
in the introduction a component of 7!(x)=#¢ is called a maximal model
continuum (m.m.c.) under 7. For a set ECQ, N*(x, T, E) will denote the
number (possibly 4+ «) of m.m.c.’s under T that intersect T-}(x)NE. If E
is an analytic subset of Q then by well known theorems in measure theory
N(x, T, E) and N*(x, T, E) are H? and Hp measurable functions.

1.7. For a continuous transformation T from Q into S; and for PE U we
set 8p(T) to be the union of all the essential maximal model continua (see
Rado [6, pp. 281-282]) under the continuous plane transformation Tp=7pT
from Q into the plane S;(P). §»(T) is a Borel set (see Rado [6, p. 296]).

1.8. For EET, PE U and pair of positive integers # and m we set

Gum(E, P) = {x| Hp[EN s(x, 7)] > nr?/n for some r, 0 < r < 1/m}.

For a continuous transformation T from Q into S;, a Borel set B in the
uv-plane and 8§p=8p(T) we set
D¥T,B)= U n U G..[T(BN &p), Pl.
n=1 m=1 PEU
1.9. LEMMA. For a continuous transformation T from Q into Ss and a Borel
set B in the uv-plane the set D*(T, B) defined in §1.8 satisfies the following con-
ditions. (i) D*(T, B) is a Borel set. (ii) For PEU, Dp[T(BN&p)|CD*(T, B).

Proof. (i) follows from the lemma in §1.4. If x&Dp[T(BN&p) ] then there
is an 7o such that x EGyy . [T(BNEp), P] for every positive integer m. Hence
x&D*(T, B) and (ii) follows.

1.10. Let Q be the class of open sets in the uv-plane. For a continuous
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transformation T from Q into S; an m.m.c. v under T will be called a sig-
nificant maximal model continuum (s.m.m.c.) under T if for every open set
0&Q such that yCO we have that T'(y) ED*(T, O) (see §1.8). We denote
by $(T') the union of the s.m.m.c.’s under T. Obviously, $(T') is independent
of the coordinate system.

1.11. Let T=Im, m:Q0=M, 1: M—S; be a monotone-light factorization
of a continuous transformation T from Q into S; (See Rado [6, p. 54]). Let
a1, asg, - - -, be a dense denumerable set of points in M and for each pair of
positive integers ¢ and jlet s(a;, 1/j) be the open sphere with center at a; and
radius 1/j. We set

O = {0:;] 0i; = m[s(as, 1/)], 5,5 =1,2, - - -,}.

Note that for each O0EQr, O is open relative to Q, i.e., there is an O*EQ such
that O =QNO*.

1.12. LEMMA. Let T be an continuous transformation from Q into S;. An
m.m.c. vy under T is an s.m.m.c. under T if and only if for each O EQr such that
yC O we have T(y) ED*(T, 0).

Proof. Lety be an s.m.m.c. under T and let O €Qr be such that ¥y CO. Then
there is an 0*&Qsuch that 0=QNMO*. For PE U, we have §,CQ and hence
Gam[T(0*NEp), Pl=Gnn|[T(O*NQNER), P]=Gnn[T(ONER), P]. Hence
T(v)eD*(T, 0*)=D*X(T, 0).

Let v be an m.m.c. under T such that for 0€Qr, yCO, we have T(y)
ED*(T, 0). Let O*EQ be such that yCO*. Let Of be the union of all the
m.m.c.’s under T that lie entirely in O*. Then Of is open relative to Q. For
the monotone transformation 7 given in §1.11, m(O}) is an open set in M,
m=m(0;) =0; and m(y)Em(O;F). Thus there are integers ¢ and j such that
m(y)Es(a;, 1/7)Cm(05). Thus yCO0:;COyCO* and T(y)EDX(T, 0.,)
CD*(T, O*). Thus v is an s.m.m.c. under 7.

1.13. LEMMA. For a continuous transformation T from Q into Si, $(T') is
a Borel set.

Proof. We shall show that for the sets O;,;, ¢, j=1, 2, - - -, defined in
§1.11
(1) $(T) = n U {0.; T [DXT, 0:,)]}.
J=1 {=1

By (i) of the lemma in §1.9 the right side of (1) is a Borel set. Note that the
left side of (1) and the right side of (1) are the union of m.m.c.’s under T.

(i) Let v be an s.m.m.c. under T. Then for each positive integer j there
is a positive integer 7 such that ¥CO;,; and hence, by the lemma in §1.12,
such that T'(y) ED*(T, O:,;). Thus v is in the right side of (1). Hence the left
side of (1) is a subset of the right side of (1).
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(i) Let v bean m.m.c. under T lying in the right side of (1). Let 0EQr
be such that ¥ CO. Then there exists an integer jo such that if m(y) Es(a:, 1/50)
then s(ai, 1/jo)Cm(0). Now there is an integer 7o such that

Y C Oio.io m T_l [D*(T) Oio.fo) ]i T('Y) e D* [(T) Oio'io)]y
and hence, since, O;,,;,CO,
T'(yv) € D*(T, O4,.5,) C DX(T, O).

By the lemma in §1.12, v is an s.m.m.c. under T and the right side of (1) is
a subset of the left side of (1).
(1) follows from (i) and (ii).

1.14. LEMMA. For a continuous transformation T from Q into S; and PE U,
(1) N*[x, T, 8(T)] 2 N*[x, T, &p(T)]
except on a set of Hp measure zero.

Proof. The fact that (1) holds except on set of Hp measure zero will follow
when we have shown that for 8§p=8p(T), §=8(T),

(2) Hp[T(8p — 8)] = 0.

Let v be an m.m.c. under T such that yC&p—S8. By the lemma in §1.12 there
is a set O0EQr such that yCO, T(v)ET(0NE&p), T(v)ED*(T, 0). By (ii)
of the lemma in §1.9, T(y)&DpT(0NEp). Thus

A3) T(&r —8) C U {T(ON &) — Dp[T(ON &p)]}.

oe€ar

By (iii) of the lemma in §1.5 and the definition of Q7 the right side of (3)
is the union of a denumerable number of sets of Hp measure zero. Thus (2)
holds.

1.15. THEOREM. If T is a continuous transformation from Q into Ss such
that A(T) = x then

A(T) = f N*[x, T, 8(T) |dH?.
Proof. A(T) = « implies that there is a PE U such that 4(Tp) = o (see
Cesari [1]). By (i) of §1.2, the lemma in §1.14 and (ii) of §1.2, for §=8(T),
&p=8p(T) we have

fN*(x, T,8)dH? = f N*(x, T, 8)dHp = f N*(x, T, &p)dHp

= f N*(xp, Tp, Sp)sz = A(TP) = o,
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2. DIFFERENTIABLE ESSENTIALLY ABSOLUTELY
CONTINUOUS TRANSFORMATIONS

2.1. Let
T:x = xl(u, 'D), Xo = x2(u1 v)y X3 = x;;(u, v)v (14, ‘U) c Qt

be a continuous transformation from Q into S;. At a point where the partial
derivatives that are involved exist we set

Ji(u, v) = Xausy — X20%3u, Jo(%, v) = Xzudr, — XzXru,
2 2 2
Ja(u, v) = XXy — X19X2u, W(“, v) = [-71 + J: + fa]

If T is such that W(u, v) exists almost everywhere on Q, is summable on Q
and

1) A(T) = f fo W (, v)dudo,

1/2

then T is essentially absolutely continuous (see Rado [6, pp. 504-505]). We
shall call such a transformation a differentiable absolutely continuous trans-
formation. Throughout this section we shall assume that 7T is a fixed differ-
entiable essentially absolutely continuous transformation. B, will be a fixed
Borel set in Q° (the interior of Q) such that W(u, v) exists everywhere on B,
and Ly(Q —B,) =0. For any Borel set BC B, we have that (see Federer [3])

(2) ffB W(u, v)dudv = f N(x, T, B)dH*.

For P& U, Jp(u, v) will designate the ordinary Jacobian of the plane
mapping Tp. Then Jp(u, v) exists everywhere on B,

@) an = [ [ 17| dun,
and for any Borel set BC By
4) f fB | Te(u, v) | dudv = f N(xp, Tp, B)dL,.
2.2. LEMMA. For any Borel set BCQ and PE U,
(1) f fB | To(u, v) | dudv = f Nxp, Tp, BN &p(T)]dLa.

Proof. Set B¥*=Q—B, §,=8p(T). Since Ly;(8»—By) =0 we have that
Ly[Tr(8»—By) ] =0 (see Rado [8]). Thus

(2 A(Tp) = fN(xP, Tp,8p)dL;, = f N(xp, Tp, By M\ &p)dL,.
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From (2) we thus have

(3) A(Tp) = fN(xp, Tp, BB\ BN &p)dL, +f N(xp, Tp, Bo N\ B* M &p)dL,.
From (3) and (4) of §2.1

4) A(Tp) = f N(xp, Tp, Bo M\ B)dL, +f N(xp, Tp, Bo M B*)dL,.
Subtracting (3) from (4) gives

[f N(xp, Tp, Bo N B)sz - f N(xp, Tp, Bo N BN 8p)dL2:I
(5)
+ [f N(xp, TP, Bo N B*)sz - f N(xp, Tp, Bo N B*M Sp)sz] = 0.

Since each of the quantities in the square brackets in (5) is non-negative,
(6) f N(xp, Tp, Bo N B)sz = f N(xp, TP, Bo N BN Sp)sz.

Since L, Tp(8p —Bo) =0 the right side of (6) is equal to the right side of (1).
Since Li(B — B,) =0, by (4) of §2.1, the left side of (6) is equal to the left side
of (1). (1) thus follows from (6).

2.3. LEMMA. Let BY be the union of all the m.m.c.’s under T that intersect
By. Then

(1) Mn=ff@nBMﬁ

Proof. Since Bj is an analytic set the integral on the right side of (1)
exists either finite or infinite. Let F be the union of all the nondegenerate
m.m.c.’s under 7. Then (1) will follow from (1) and (2) of §2.1 if we estab-
lish the relationship

() H:[T(F N By)] = 0.

F is a Borel set. Since F is the union of nondegenerate m.m.c.’s under T,
for PEU, 6p=6p(T), we have that N(xp, Tp, FNEp) is either 0 or 4 « for
each point xp&S:(P). Thus, since IJp(u, v)| is summable, by the lemma in
§2.2,

3) fN(xp, Tp, FN 8p)dL; =0 for PEU.

Let U* be the set of points (1, 0, 0), (0, 1,0), (0,0, 1) on U. By (2) of §2.1 and
the lemma in §2.2
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H[T(F N By)] < f N(x, T, FN\ By)dH? = f f W (u, v)dudy

NBy

ffF W (u, v)dudy < Pg_}}_ ff,, | Te(u, v) | dudv

2 N(xp, Tp, F N 8p)dLs.
PEU

(2) thus follows from (3) and (4) and (1) holds.
2.4. LEMMA. For P& U, EET and any Borel set B in the uv-plane
1) Hp[T(BN &p) N\ E] = Hp[T(B N By) N\ E].

Proof. Since Ly(B —By) =0 we have (see Rado [8])LerpT[(B—Bo)N\Ep]
=L, Tp[(B—Bo)N&p]=0. By (iv) of §1.2

Hp{T[(B — By) N &p]} = 0.

(4)

Thus

Hp[T(BN &8p) N E] = Hp[T{[(B = Bo)) N\ 8] U (BN By)} N E]
Hp{T[(B — Bo) N\ &p] N\ E} + Hp[T(BN By) N\ E
Hp[T(BN By) N\ E].

For B*=(B—8p)N\By, N(xp, Tp, B¥*\&p) =0. Hence, by (4) of §2.1 and the
lemma in §2.2,

2

IIA

LowpT(B*) = LyTp(B*) < f N(xp, Tp, B¥)dLy = f f | T7p(u, v) | dudv
B%

= fN(xp, Tp, B* ﬂ gp)sz = 0.

By (iv) of §1.2
Hp{T[(B — &p) N\ By]} = 0.
Thus, by the same reasoning as in (2),
3) Hp[T(BN By) N\ E] < Hp[T(BN &p) N E].
(1) thus follows from (2) and (3).
2.5. LEMMA. For EET and any Borel set B in the uv-plane,

1) H[T(BN B) N E] < é; Hp[T(BN &) N E],
rPEU*

where U* is the set of points (1, 0, 0), (0, 1, 0), (0,0, 1) on U and &p=8p(T).
Proof. By (iii) of §1.2, for PEU, T(BNB)NE=Ap\JA} where A},
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A €T, Ap N\ AF = &, Hp[T(B M By) N E] = Hp(Ap) = H?*(Ap) and
Hp(Ap)=0. Then

(2) T(BNB)NE=AU U A4p, A=  Ap, Lap(4)=0 for PEU*,
rPEU* rPEU”

Since H*(A) S H?*(By) < =, there is a Borel set 4*CA4 such that H2(A4%*)
=H?%*(A).Set B*=T"YA*)NBy. For PE€U*,N(xp,Tp, B*) =0 forxpFmp(4*)
and from (2), Lywp(A*) S Lywp(A) =0. Thus

H*(A) = H¥A4*) £ | N(x, T, B¥)dH? < r(u,
o (4) ()Sf (x, T )H<P§]‘ff3.|1(uv)ldudv

Z N(xp, TP’ B*)dL2 = 0.
rev’

Thus, from (2), (3) and the lemma in §2.4,
H[T(BNBYNE]ls Y HAy)= Y H[T(BN B)NE]
PEU* PEU"

>, Hp[T(BN &p) N E],
rPEU*

and (1) holds.

2.6. LEMMA. An m.m.c. vy under T is an s.m.m.c. under T if and only if for
each set 0 Qy (see §1.11) suck that y CO we have T(v) ED[T(ONBy)].

Proof. Let v be an s.m.m.c. under 7. Let OEQr be such that yCO. Then
T(v)&D*(T, O) and there is a positive integer 7z, such that for m=1, 2, - - -
there is a P& U such that for 5, =8p (T),

(1) Hp, [T(ON &p,) N s(T(y), r)] > wr2/ny for some 7, 0<r<1i/m.
By (i) of §1.2 and the lemma in §2.4,
(2) H[T(0 N Bo) N\ s(T(v), )] = Hp, T(O N &p,) N s(T(¥), n].

From (2) and (1) it follows that T'(y) €D [T(ONBy)].
Let ¥ be an m.m.c. under T such that for every O&Qr such that yCO,
we have T(y) €ED[T(ONBy)]. By the lemma in §2.5,

(3) HT(ONB)Ns(T(v), r)]= gj Hp[T(ONEp)Ns(T(v), 7)) for r>0.
PEU*

Since T'(y) ED[T(0ONB,)] it follows from (3) that T(y) ED»[T(ONEp)] for
some PEU*C U. By (ii) of the lemma in §1.9, T(y) ED*[(T, O)]. By the
lemma in §1.12, v is an s.m.m.c. under T.

2.7. THEOREM. Let T be a differentiable essentially absolutely continuous
transformation from Q into Sz and let S(T) be the union of the significant maxi-
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mal model continua under T. Then
1) A(T) = f N*[x, T, $(T) JdH2.

Proof. By the lemma in §2.3 and the set Bj defined there we have that
) A(T) = f N'(z, T, B)dH'.

Then (1) will follow from (2) if for $ =8(7T") we establish the equalities

@3) H'[T(s — B})] =0 and H[T(B: —8)] = o.
For E,= [x| N*(x, T, B¥) = = ] we have
4 H(E,) = 0.

Let v be an s.m.m.c. under T such that yC($—Bg), T(y)&EE,,. Then there
is an O&EQr such that yCO, T(v)&ET(ONBy). By the lemma in §2.6 T'(y)
€{D[T(0ONBy)] —T(0ONBy)}. Thus

5) T(S — By) C E,\U U {D[T(ON By)] — T(ON By)}.
o€,

Since H2[T(By)] < ®, by (iv) of the lemma in §1.5 and by (4) the right side
of (5) is the union of a denumerable number of sets of H? measure zero. Hence,
the first equality of (3) is satisfied.

Let ¥ be an m.m.c. under T such that yC (Bs —8). By the lemma in
§2.6 there is an OEQr such that vCO, T(y)E{T(ONB,) —D[T(ONBy)]}.
Thus

(6) T(Bs—8) C U {T(ON By — D[T(ON By]}.
oEq,
By (ii) of the lemma in §1.5 the right side of (6) is the union of a denumerable

number of sets of H? measure zero. Hence the second equality of (3) is
satisfied.

3. FRECHET EQUIVALENT TRANSFORMATIONS

3.1. Let T and T* be two Fréchet equivalent continuous transformations
from Q into S; (see Rado [6, p. 57]). Then (see Youngs [10]) there exist si-
multaneous monotone-light factorizations of them

T=immQ=a>MI: M-S, T*=Im*m*:Q=>M,1: M —S,,

such that m and m* are Fréchet equivalent. Let a1, a,, - - - be a dense de-

numerable set of points in M. For the open spheres s(a:, 1/§) with center at
a; and radius 1/j we set
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Oi; =m [s(as 1/))), Oty =m" [s(as 1/4)], Gi=1,2-.

3.2. LEMMA. Under the conditions of §3.1, v is an m.m.c. under T if and
only if m*'m(y) is an m.m.c. under T* and Of;=m*'[m(0;,)], O:;
=m~'m*(05), 4,j=1,2, - - -.

Proof. The proof of the statements of the lemma follows from the defini-
tion of a monotone-light factorization.

3.3. LEMMA. Under the conditions of §3.1 for PE&U, &p(T*)
=m*1[m&p(T)].

Proof. See Mickle [5].
3.4. LEMMA. Under the conditions of §3.1 (see §1.8)

(1) D*(T, 0:;) = D*(T", 0., Li=1,2---.

Proof. To prove (1) we need only to show that for PE U, &p=8,(7),
* *
&p=8p(T%*)

() Got[T(0:; M &), P] = G...[T(O:; N &p), P), S 067 =12+

Since O;,;, &p are the union of m.m.c.’s under T and O}, &} are the union of
m.m.c.’s under T%* m(0:,;N&p)=m(0:;)\m(Ep) and m*(Of,NE})
=m*(0},)N\m*(&}). Thus, by the lemmas in §3.2 and §3.3

G...[T(0:; N &p), P] = G,..[lm(0;; N &p), P] = G.,:{1[m(0: ;) N m(&p)], P}
= G..{1[m"(0%;) N m"(ep)], P}
= G...[Im"(0F; N &8), P] = G...[T"(0}; N &r), P]

for s, t,1,j=1,2, - - -, and (2) holds.

3.5. LEMMA. Under the.conditions of §3.1 an m.m.c.y under T is an s.m.m.c.
under T if and only if y*=m*"'m(y) is an s.m.m.c. under T*.

Proof. Let 4 be an s.m.m.c. under T. Let O, be such that y*=m*"1m(y)
CO},. By the lemmas in §3.2 and §3.4, yCO.,;, T*(v*) =T(v) ED*(T, 0s,)
=D*(T*, Of)). By the lemma in §1.12, y* is an s.m.m.c. under T*.

Let ¥ be an m.m.c. under T. If y*=m*"'m(y) is an s.m.m.c. under T*
then the fact that v is an s.m.m.c. under T follows by the same argument.

3.6. THEOREM. Let T and T* be two Fréchet equivalent continuous trans-
formations from Q into S;. Then

N*[x, T, $(T)] = N*[x, T*, s(T*)] for x € Ss.

Proof. The proof of the statement of the theorem follows directly from
the lemma in §3.5.
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3.7. THEOREM. Let T be a continuous transformation from the unit square
Q:0=u=1,0=Zv=11n the uv-plane into Euclidean three space S;. The Lebesgue
area A(T) of the surface represented by T 1is given by the formula

(1) A = [ Nl 7, s o,

where S(T) is the union of the significant maximal continua under T as defined
in §1.10.

Proof. Case 1. A(T) = ». (1) then follows from the theorem in §1.15.

Case 2. A(T)< «. By Cesari [2] there is a differentiable essentially ab-
solutely continuous transformation T* from Q into S; that is Fréchet equiva-
lent to T. Then A(T)=A(T*) (see Rado [6, p. 468]) and by the theorems
in §3.6 and §2.7

A(T) = A(T*) = f N*[x, T*, 8(T*)|dH? = f N*[x, T, $(T)|dH?.

Thus (1) holds.
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